1.

3-D co-geometry

Find the point of intersection of the plane 3x —y + 72+ 8 = 0 and the line
x=44+5ty=-2+tz=4—-t.
Find also the angle between the line and the plane.

Substitute the line in the plane,
3(44+5t)—(-24+t)+74—-t)+8=0
7t+50=0

x=4+5(—%)=—¥, y=—2+(—2):—%, Z:4_(_E)ZE

222 64 78)

ey = (-5

The direction of the given straightlineis r=5i+j—k
The normal of the planeis N = 3i—j+ 7k
r-N = |r|[N]cos(r,N)
= G)BR)+DEEDL+ (D) = \/52 + 12 + (—1)2\/32 + (=1)% 4+ 72cos(r,N)

19
= cos(r,N) = %

Angle between the line and the plane = 6 = g— 2(r,N) = cos(r,N) = sin0

~sin@ = 717\/? = 0=10.2785847750013° (or 0.1793951467691 rad.)

The position vectors of points P and Q referred to an origin O are given by OP = 3i +j + 3k and

0Q = 5i — 4j + 3k respectively. Show that the cosine of 2P0Q is equal to \/% .

Hence, or otherwise, find the position vector of M on 0Q such that PM is perpendicular to 0Q.

OP - 0Q = |OP||0Q| coszP0OQ

3i +j + 3K) - (5i — 4j + 3K) = |3i + j + 3K]||5i — 4j + 3K| coszP0OQ

BB+ D=1 +B)B)=+vV32+12 + 32\/52 + (—4)? + 32 cos£P0OQ
20 = /1950 cos2P0OQ

20 4
R COSLPOQ = m = \/ﬁ

Since Mon 0Q , OM = m(5i —4j + 3k) = 5mi — 4mj + 3mk , where m is a scalar.
PM=0M-0P=(5m—-3)i+ (—4m —1)j+ 3m — 3)k



Since PM1L0Q , PM-0Q=0
Gm-3)5)+ (—4m—-1)(—4)+ (Bm—-3)(3) =0

.'.ng

# OM == (5i— 4j + 3k) = 2i —2j + 2k

Giventwo lines lj:x=14+2t, y=-2+4+3t, z=2+2t

1-x -2
i = =21

Determine whether these lines are parallel, intersect or skewed.

Rewrite 1, in parametric form,
L:x=1-2t, y=2+4+3t, z=1+t

Direction of 1;: ry =2i+ 3j+ 2k
Directionof 1: r, =-2i+3j+k
Since rq # kr, foranyscalark, 1; and 1, are not parallel.

Equate the corresponding x, y z values,

14+2t=1-2t t=1

4
—2+3t=2+43t= {0 solution fort

24+2t=1+t f=—1

= no solution for t

There is no intersection point for 1; and I,.

l; and 1, are skewed.

m:2x—y+z+5=0, my:4x+y+z—7=0 are two planes.

O is the origin and the point P has coordinates (4,5,2).

(@) Verify that the vector r = —i+j+ 3k isparalleltoboth m; and ;.

(b) Find the vector equation of the plane which passes through P and is perpendicular to both
m; and T,

(c¢) Find the coordinates of one point common to m; and m, and hence, find the Cartesian

equation of the line of intersection of m; and Tr,.

(@) The normal to the plane m;:2x—y+z+5=01is N;=2i—j+k
The normal to the plane my:4x+y+z—7=01is N, =4i+j+k
r=—-i+j+3k
Since r'Nq=C-DQ)+MEDL+B)(M)=0
r'N;=-D@+ M@ +B)D) =0



@

(b)

(©)

.. Thevector —i+j+ 3k isparalleltoboth m and m,.

i j Kk
() n=N;xN,=[2 —1 1|=-2i+2j+6k
4 1 1

Since Nj X N, is avector perpendicular to the plane made by the normals of m; and m,,
n is the normal of the plane perpendicular to both m; and m,.
Let r=xi+yj+zk
Let the vector equation of the plane which passes through P and is perpendicular to both
m; and T, is mand r=xi+yj+zKk beavariablepointon .
The required vector equation is
m (r—O0P)'n=0
[(xi+yj+zKk) — (4i+5j+ 2K)] - (—2i+2j+6Kk) =0
(c) We can find a common point by putting x =0 in m; and ;.

-y+z+5=0

We get {y+z—7=0'

Solveweget y=6,z=1

Then P = (0,6,1) isapointcommonto ; and TI,.

n = N; X N, = —2i + 2j + 6k in (b) is a vector parallel to the line of intersection of m;and ,.
The required equation is % = y7_6 = % .

The points A, B, C and D have positive vectors, relative to the origin O, given by

OA=i+aj—k OB=-i+2j+3k OC=2i+j+4k andOD =i+ j+ Kk , whereais a constant.

Given OA is perpendicular to OB,

(@) find the value ofaand OA,

(b) show that OA is normal to the plane OBC,

(c¢) find an equation of the plane through D parallel to the plane OBC and, hence, find the position
vector of the point of intersection of this plane and the line AC.

0A-0B=0, ()(-1)+@)Q2)+(-1)B)=0, a=2

OA=i+2j—-k
i j k

N=0BxO0OC=|-1 2 3|=5i+10j—5k whichisthe normal of the plane OBC.
2 1 4

Since N=5i+10j —5k=2({+2j— k) =50A
Therefore OA is normal to the plane OBC.

Since O is on the plane, OBC: 5x + 10y — 5z = 0.
Let the required plane be m:5x + 10y — 5z = k



Dison m,therefore 5(1)+ 10(1) —5(1) = k.
Solve we get k = 10.
m:5x+ 10y —52=10 or mx+2y—z=2

AC=0C—0A=(2i+j+4K)—(i+2j—k)=i—j— 5k
The line AC must pass through A(1,2,—1).
AC:x=1+ty=2—-tz=-1-5t
It cuts the plane m:x+ 2y —z =2 ,therefore (1+t)+2(2—-t)—(—-1-5t) =2
t=-1
.. Intersection point (x,y,z) = (0,3,4)

1 1
Let the equations of two planes be m;: r- (1) =2and T, - <—3> =3.
2 4
(@) Find the acute angle between m; and m,, giving your answer to the nearest 0.1°.
(b) Determine the length of the projection of the vector i+ 3j to m; .
(c¢) Find the equation of the plane m; which is perpendicular to both m; and m, and passes though
the point P(1,3,—-2).

(@) The angle between two intersecting planes is the angle between their normal vectors.

1 1
N; = (1), N, = <—3> are the normals of m; and m, respectively.
2 4

Ny Nz = [Nq||N2| cos 6
(D) + (D(=3) + (2)(4) = V12 + 12 + 22,/12 + (—3)2 + 42 cos O

(DM + M3+ ()@ V39

cos0 =
VIZ+ 12 +22/12+ (-3)2+42 13

0 = 61.3° ,tothenearest 0.1°.

(b) Let r=i+3j , r-Ng =|r||Ny|cosz (r,N;)
(D) + 3)(D) + (0)(2) = /12 + 32 + 02/12 + 22 + 22 cos 2 (r,N;)
4 = 3v/10cos z (r,N;)

£ (6 Ny) 4 2v10
cos £ (r, ==
Y310 15
. 2v10\* _ V185
Sin £ (I', Nl) = |1- (T) = BT
.. Length of the projection of the vector i+ 3j to m; = |r|sinz (r,N;) =v10 X % = ?



7.

(©)

i j k
n=N;xN,=[1 1 2|/=10i—-4j-2k
1 -3 4

Since Nj X N, is avector perpendicular to the plane made by the normals of m; and m,,
n is the normal of the plane perpendicular to both m; and m,.
Let r=xi+yj+zk
Let the vector equation of the plane which passes through P and is perpendicular to both
m; and T, is mand r=xi+yj+zKk beavariablepointon .
The required vector equation is
m (r—O0P)'n=0
[(xi +yj+zk) — (i+3j—2k)]-(10i —4j —2k) =0
G-DA)+ -3+ z+2(-2)=0
5x—2y—2z2—1=0

A(1,4,2),B(3,—1,5),C(2,6,0),D(4,3,—1)E(3,7,3) and F(4,5,2) are six points in three dimensional

space. The points A, B and C lie on the plane 1, whereas the points D, E and F lie on the plane Tr,.

A straight line L; passes through the points E and F.

(a)
(b)
(©)
(d)
(e

®
®

(b)

Determine whether AB and AC are perpendicular vectors.

Find the Cartesian equation of the plane ;.

Find the equation of line L; in vector form and in parametric form.

Find the coordinates of the point of intersection of the line L; and the plane ;.
Find the Cartesian equation of the straight line L, passes through the point (10,8,9)
and perpendicular to the plane ; .

Find the position vector of the point of intersection between the lines L; and L, .

Find the acute angle between the plane m; and the plane m,.

AB=0B—-0A=2i—5j+3kAC=0C—0A=i+2j—2Kk .
AB-AC= (2)(1)+ (-5)(2) + 3)(-2) = -14 £ 0
AB and AC are not perpendicular vectors.

. i j k
ACXAC=Ny=|2 -5 3 |=4i+7j+9k. whichisthe normal of the plane ;.
1 2 =2

Since A(1,4,2) is on the plane, the Cartesian equation of the plane T, is



(©)

(d)

(e

)

®

4x—1)+7(y—4)+9(2z—-2)=0
m:4x+7y+9z =050
EF=0F-OE=i-2j—k
Since E(3,7,3) ison L;, equation of the line L; is
F=3i+7j+3k+AG{-2j—Kk)

x=3+A
In parametric form, Li:qy =7 —2A
z=3—A

Put L; in my,
4B+)+7(7-20)+9(3—-21) =50
A=2

The point of intersection of the line L; and the plane m; is

x=34+A=5y=7-21=3,z=3-A=1

or (53,1)

The normal of the plane m; is N = 4i + 7j + 9k which is the direction of L,.
The Cartesian equation of the straight line L, passes through the point (10,8,9)

and perpendicular to the plane ; is

x—10 y—8 z—9
9

(B+0)-10 _ (7-20)-8 _ (3-A)-9
4 - 7 T 9

Substitute L; in L,, we get

A :3
The required pointis x=3+A=6,y=7—-2A=1,z=3-A=0.

The position vector of the point of intersection between the lines L; and L, is

6i +j

D(4,3,—1)E(3,7,3) and F(4,5,2)

. i j Kk

DEXDF=N,=1[2 -3 —1|=-8i—7j+5k
1 1 3

Ni N, =i+ 7j+9K) - (—8i—7j+5k) = (4)(-8)+ (7)(=7)+ (9)(5) = =36

N1 . Nz = |N1||N2|COS (Nl' Nz) = \/42 + 72 + 92\/(—8)2 + (_7)2 + 52 COS (Nll Nz)

=2+/5037cos (N1,N,)
2/5037cos (Ny,N,) = —36

-36
245037

2(Nq,Ny) =104.7°
..The acute angle between the plane m; and the plane m, is 180° — 104.7° = 75.3°
Yue Kwok Choy
18/11/2017

cos (Ny,Np) =



